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Abstract— This paper is concerned with the design of reliable
static output feedback controllers (RSOFC) for systems with
stochastic actuators failure. A sufficient condition for the exis-
tence of reliable RSOFC is presented in terms of a set of linear
matrix inequalities (LMIs), which guarantees that the closed-
loop system, with consideration of actuators failure, satisfies a
desired H∞ disturbance attenuation γ. A numerical example is
presented to illustrate the effectiveness of the proposed design
method.

Index Terms— Reliable Static Output Feedback, Control
Input, Time Delay

I. INTRODUCTION

Over the past few decades, time-delay systems have drawn

much attention from researchers throughout the world. This

is due to their important role in many practical systems.

A great number of research results concerning time-delay

systems exist in the literature[1], [2], [3]. Many early the-

oretical developments assume that all the system states are

accessible. However in the case where only a subset of states

are measurable, which is relevant to a range of practical

applications, static output feedback control is more realistic.

In recent years, the study of reliable control has received

considerable attention due to the growing demands on re-

liability. The main task of this study is to design a fixed

controller such that the closed-loop system can maintain

stability and performance, not only when all control com-

ponents are operational, but also in case of some admissible

control component outages. Reliable control problems for

linear systems have been extensively studied [4], [5], [6],

[7], [8], [9], [10]. Most of them depicte the failure model

by introducing a scaling factor, such as, defining βl ∈
Ω � {βl = diag[βl1 βl2 , · · · , βlq ], βli = 0 or 1, i =
1, 2, · · · , q}, that is, when a failure occurs, the control

action simply becomes zero, in fact, the actuator may not

be completely failure, that is, the scale factor βli = 0 or

1 are only two special cases. By decomposing the control

matrix B into BΣ and BΣ̄ is the other type failure modeling

method[11], [12], where BΣ denotes the control matrix

associated with the set Σ and BΣ̄denotes the control matrix

associated with the complementary subset of the control

input, and Bσ with σ ⊆ Σ correspond to a subset of

susceptible actuator experience failure. However, it cannot

represent actuator fault exactly. In practical systems, because

of actuators aging, zero shift, electromagnetic interference,
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nonlinear amplification in different frequency field, and so

on. It will be more reasonable if the fault scale factor obeys

a certain probabilistic distribution in an interval. To the best

of our knowledge, it seems that there are few results on

the problem of reliable control with such a actuator fault

model which satisfies a certain probabilistic distribution,

which is not only theoretically interesting and challenging,

but also very important in practical applications. This greatly

motivates the study of this work.

In this paper, A more general actuator fault model is

proposed, which satisfies a certain probabilistic distribution

in an interval. we are interesting in designing a reliable

output feedback controller such that the dynamic system is

exponentially mean-square stable despite possible actuator

signals drift or missing.

Notation: R
n denotes the n-dimensional Euclidean space,

R
n×m is the set of real n×m matrices, I is the identity ma-

trix of appropriate dimensions, ‖·‖ stands for the Euclidean

vector norm or spectral norm as appropriate. The notation

X > 0 (respectively, X < 0), for X ∈ R
n×n means that the

matrix X is a real symmetric positive definite (respectively,

negative definite). When x is a stochastic variable , E {x}
stands for the expectation of x. The asterisk ∗ in a matrix is

used to denote term that is induced by symmetry, Matrices,

if they are not explicitly stated , are assumed to have

compatible dimensions.

II. PROBLEM FORMULATION

Consider the following time-delay system:

ẋ(t) = Ax(t) + B1u(t) + B2ω(t) (1a)

y(t) = Cx(t) (1b)

z(t) = C2x(t) + D2ω(t) (1c)

where x(t) ∈ R
n is the state, u(t) ∈ R

l is the control input,

ω(t) is the disturbance input which belongs to L2[0,∞), and

z(t) is the controlled output. A, B1, B2, C, C2 and D2 are

known constant matrices, and supposing C is of full rank.

We consider the following static state feedback controller

for the system (1a)

u(t) = Ky(t − τ(t)) (2)

where K is a feedback matrix to be determined, τ(t) denotes

the control input delay and satisfies τ1 ≤ τ(t) ≤ τ2.

Let uF (t) represent the control input after actuator failures

occurred, Then the following fault model is adopted for this
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study

uF (t) = Ξu(t)

=
m∑

i=1

ξiLiKCx(t − τ(t)) (3)

where Ξ = diag{ξ1 · · · ξm} with ξi(i = 1, · · · , m) are m

unrelated random variables, and the mathematical expecta-

tion and variance of ξi is assumed as μi and σ2
i respectively,

Li = diag{0, · · · , 0︸ ︷︷ ︸
i−1

, 1, 0, · · · , 0︸ ︷︷ ︸
m−i

}. For convenience, we also

define Ξ̄ = diag{μ1, · · · , μm} and Δ = diag{σ1, · · · , σm}.

Remark 1 By introducing a a random matrix Ξ, satis-

fying a certain probabilistic distribution in an interval, a

phenomenon of actuator failure is then presented. Specially,

for ξi = 0, it means complete failure of the ith actuator;

for ξi = 1, it means the ith actuator is in good working

condition; for 0 < ξi < 1, it means partial failure of the

ith actuator ; for ξi > 1, it means the actuator-amplifier with

forward drift. It should be noted that, in many cases, the gain

of actuators could be larger than normal cases by reasons of

the surrounding influence or actuator-amplifiers themselves.

Therefore, the mathematical expectation μi of random vari-

ance ξi, similar to the scaling factor in [13], should be defined

as 0 < μi < μ̄i, where μ̄ ≥ 1. Furthermore, σi denotes the

gain of actuators fluctuation levels because of influence of

all the factors acting on actuators.

Remark 2 μi = E {ξi} represents for the failure rate of

the ith actuator. It should be noted that with the consideration

of the influence of all the factors, μi = 1 does not mean the

ith actuator always in good working condition, the values of

ζi can be bigger or smaller than 1. Similarly, μi = 0 does not

mean the complete failure of the ith actuator. In particular,

If the case μi = 0, and σi = 0, simultaneity, it stands for

an entire missing of signals, and if μi = 1, σi = 0 indicates

intactness. In fact, actuator-amplifiers backward or forward

drift usually occurs in practice situations, while completely

failure and intactness are only two special cases.

Combining (1a) and (3), we obtain the following close-

loop system as follows

ẋ(t) = Ax(t) + B1Ξ̄KCx(t − τ(t))

+ B1(Ξ − Ξ̄)KCx(t − τ(t)) + B2ω(t) (4)

The objective of this study is to develop a reliable

controller for the closed-loop system with stochastic fault

model described by (4). For this purpose, the following

Lemma derived from Jessen’s inequality and definitions are

introduced.

Lemma 1[14] For any constant matrix T ∈ R
n×n, T > 0,

scalars τ1 ≤ τ(t) ≤ τ2, and vector function ẋ : [−τ1, 0] →
R

n such that the following integration is well defined, it

holds that

− (τ2 − τ1)

∫ t−τ1

t−τ2

ẋ(t)T ẋ(t) ≤
⎡
⎣ x(t − τ1)

x(t − τ(t))
x(t − τ2)

⎤
⎦

T ⎡
⎣ −T T 0

∗ −2T T

∗ ∗ −T

⎤
⎦

⎡
⎣ x(t − τ1)

x(t − τ(t))
x(t − τ2)

⎤
⎦

Definition 1 For a given function V : Cb
F0

([−τ2, 0], Rn)×
S, its infinitesimal operator L[15] is defined as

LV (xt) = lim
Δ→0+

1

Δ
[E (V (xt+Δ|xt) − V (xt))] (6)

III. MAIN RESULT

In this section, we aim to develop an innovative approach

to guarantee the system (4) is exponentially mean-square

stable. The controller K could be solved from the following

results.

Theorem 1 For given scalars τ1, τ2, σi, μi(i = 1, · · · , m)
and matrix K, the system (1) with sensor distortion (3)

is exponentially mean-square stable if there exist positive

definite matrices P, Qi(i = 1, 2), Rj(j = 1, 2, 3), such that

LMI (7) holds. [
Γ11 ∗
Γ21 Γ22

]
< 0 (7)

where

Γ11 =

⎡
⎢⎢⎢⎢⎣

Υ11 ∗ ∗ ∗ ∗
R1 Υ22 ∗ ∗ ∗

(PB1Ξ̄KC)T R2 −2R2 ∗ ∗
0 0 R2 Υ44 ∗

BT
2 P 0 0 0 −γ2I

⎤
⎥⎥⎥⎥⎦

Γ21 =

⎡
⎢⎢⎢⎢⎢⎣

RA 0 RB1Ξ̄KC 0 RB2

0 0

⎡
⎢⎣

σ1RB1L1KC
...

σmRB1LmKC

⎤
⎥⎦ 0 0

C2 0 0 0 D2

⎤
⎥⎥⎥⎥⎥⎦

Γ22 = diag{−R, diag{−R, · · · ,−R},−I}
Υ11 = PA + AT P + Q1 + Q2 − R1

Υ22 = −Q1 − R1 − R2

Υ44 = −Q2 − R2

R = τ2
1 R1 + (τ2 − τ1)

2R2

Proof: Construct a Lyapunov-Krasovskii functional can-

didate as

V (xt) = xT (t)Px(t) +
2∑

i=1

∫ t

t−τi

xT (s)Qix(s)ds

+τ1

∫ 0

−τ1

∫ t

t+s

ẋT (v)R1ẋ(v)dvds

+(τ2 − τ1)

∫
−τ1

−τ2

∫ t

t+s

ẋT (v)R2ẋ(v)dvds

From the definition of Ξ in (3), we can easily know

E [B1(Ξ − Ξ̄)KC] = 0 (8)
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and

E {[B1(Ξ − Ξ̄)KC]TR[B1(Ξ − Ξ̄)KC]}

=
m∑

i=1

σ2
i CT KT LT

i BT
1 RB1LiKC (9)

Using Lemma 1 and the infinitesimal operator (6) for

system (4), we have

LV (xt) =

E
{
2xT (t)P [Ax(t) + B1Ξ̄KCx(t − τ(t)) + B2ω(t)]

+
2∑

i=1

{
xT (t)Qix(t) − xT (t − τi)Qix(t − τi)

}

+ ẋT (t)Rẋ(t) − τ1

∫ t

t−τ1

ẋT (s)R1ẋ(s)ds

−(τ2 − τ1)

∫ t−τ1

t−τ2

ẋT (s)R2ẋ(s)ds

}

Now, we set

J(t) = E

{∫ t

0

[zT (s)z(s − γ2ωT (t)ω(t))]ds

}
(11)

By Itô′s formula and using Lemma 1, we derive

J(t) = E

{∫ t

0

[zT (s)z(s − γ2ωT (t)ω(t)) + LV (xs)]ds

}

− V (xt)

≤ E

{∫ t

0

[zT (s)z(s − γ2ωT (t)ω(t)) + LV (xs)]ds

}

≤ E
{
ζT (t)[Γ11 + ΓT

21Γ
−1
22 Γ21]ζ(t)

}
where ζ(t) = [xT (t) xT (t − τ1) xT (t − τ(t)) xT (t −
τ2) ω(t)]T .

By using Schur Complement, we can concluded (7) is a

sufficient condition to guarantee

LV (xt) < 0 (12)

Then the proof can be completed.

In the following, we are seeking to design the reliable

controller gain K based on Theorem 1.

Theorem 2 For given scalars τ1, τ2, σi, μi(i = 1, · · · , m),
the closed-loop system (4) is exponentially mean-square sta-

ble with considering sensor distortion, if there exist matrices

X > 0, Q̃i, R̃i > 0(i = 1, 2) and matrix Y satisfy LMI (13).

Furthermore, the reliable controller gain is K = Y X−1C−1.

[
Γ̃11 ∗
Γ̃21 Γ̃22

]
< 0 (13)

where

Γ̃11 =

⎡
⎢⎢⎢⎢⎣

Υ̃11 ∗ ∗ ∗ ∗
R̃1 Υ̃22 ∗ ∗ ∗

Y T Ξ̄T BT
1 R̃2 −2R̃2 ∗ ∗

0 0 R̃2 Υ̃44 ∗
BT

2 0 0 0 −γ2I

⎤
⎥⎥⎥⎥⎦

Γ̃21 =

⎡
⎢⎢⎢⎢⎢⎣

AX 0 B1Ξ̄Y 0 B2X

0 0

⎡
⎢⎣

σ1B1L1Y
...

σmB1LmY

⎤
⎥⎦ 0 0

C2X 0 0 0 D2

⎤
⎥⎥⎥⎥⎥⎦

Γ̃22 = diag{Λ0, diag{Λ1, · · · , Λm},−I}
Υ̃11 = AX + XAT + Q̃1 + Q̃2 − R̃1

Υ̃22 = −Q̃1 − R̃1 − R̃2

Υ̃44 = −Q̃2 − R̃2

R̃ = τ2
1 R̃1 + (τ2 − τ1)

2R̃2

Λi = −2εiX + ε2
i R̃ (i = 0, 1, · · · , m)

Proof: By Schur complement, the matrix inequality (7)

holds if and only if (14)[
Γ11 ∗
Γ̄21 Γ̄22

]
< 0 (14)

where

Γ̄21 =

⎡
⎢⎢⎢⎢⎢⎣

PA 0 PB1Ξ̄KC 0 PB2

0 0

⎡
⎢⎣

σ1PB1L1KC
...

σmPB1LmKC

⎤
⎥⎦ 0 0

C2 0 0 0 D2

⎤
⎥⎥⎥⎥⎥⎦

Γ̄22 = diag{−PR−1P, diag{−PR−1P, · · · ,−PR−1P},−I}
Due to

(εiR− P )R−1(εiR− P ) ≥ 0 (εi > 0)

which gives

−PR−1P ≤ −2εiP + ε2
iR (15)

we have that (14) holds if (16)[
Γ11 ∗
Γ̄21 Γ̂22

]
< 0 (16)

where Γ̂22 = diag{Λ̄0, diag{Λ̄1, · · · , Λ̄m},−I} , and Λ̄i =
−2εiP + ε2

iR (i = 0, 1, · · · , m)
Defining X = P−1, X̄ = diag{X · · ·X︸ ︷︷ ︸

m

}, we apply the

congruence transformation diag{X, X, X, X, I, X, X̄, I} to

(16) and set Q̃i = XQiX, R̃i = XRiX(i = 1, 2) and Y =
KCX . The result can be concluded from Theorem 1. This

completes the proof.

Remark 3 To avoid using complicated algorithms, we

adopt the inequality (15) to let the Matrix inequality (16)

be LMI, although there exists a little conservative in the

step (16) ⇒ (14) comparing with the cone complementary

algorithm [16] which is popular in recent control designs.

However, we can choose an appropriate parameters εi in the

criteria.

Remark 4 From Theorem 2, it can be seen that the

solvability of LMI (13) depends on the distribution of the

actuator fault taking value in an interval. More information

are taken into account in our results comparing with the usual

fault modeling method mentioned in Section 1.
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IV. AN ILLUSTRATIVE EXAMPLE

In this section, a well-studied example is used to illustrate

the the effectiveness of the approaches proposed in this paper.

Consider the following time-delay system (1a) with the

parameters:

A =

[
0.5 1
1 −2

]
, B1 =

[
1 0
0 1

]
; B2 =

[
0.25
0.15

]

C =

[
0.5 0
0.2 0.3

]
, D2 =

[
0.5
0.6

]
, C2 = C

ω(t) = e
(t−6)2

0.125 , and τ(t) satisfies 0.05 < τ(t) < 0.6, and

the initial conditions x(0) = [−1 1]T (t ∈ [−0.6 − 0.6]).
Assuming the admissible set of actuator faults are given

by Ξ̄ =

[
0.5 0
0 1

]
, Δ2 =

[
0.1 0
0 0.5

]
, that is, about half

of the first actuator’s gain is missing, and there also exists

some fluctuations in both of those actuators. According to

Theorem 2, we get

K =

[−3.7494 −3.7420
−1.2182 0.3056

]
(17)
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Fig. 1. Inductance of oscillation winding on amorphous magnetic core
versus DC bias magnetic field

From Fig.1, we can see that the actuators are suffering

stochastic fault. Fig.2 shows the state response and the

disturbance ω(t). It is clear that the controlled plant using

the reliable output controller still operates well and maintains

an acceptable level of performance.

V. CONCLUSION

In this paper, a new practical actuator fault model is

proposed. We concentrate on the reliable control design

problem for systems with control input delay, and present a

reliable control design methodology to achieve closed-loop

stability, not only when the system is operating properly, but

also in the presence of certain actuator failures. By means of

the feasible positive definite solutions to LMI, A numerical

example is given to illustrate the design procedures.
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Fig. 2. Inductance of oscillation winding on amorphous magnetic core
versus DC bias magnetic field
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